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Abstract 

We show that quantum measures and integrals appear naturally in 
any Z/2-Hilbert space H. We begin by defining a decoherence operator 
D{A,B) and it's associated q-measure operator /i(j4) = D{A,A) on H. 
We show that these operators have certain positivity, additivity and con- 
tinuity properties. If p is a state on H, then Dp{A,B) — tr[pD{A, B)] 
and i-Lp{A) = Dp{A,A) have the usual properties of a decoherence func- 
tional and g-measure, respectively. The quantization of a random variable 
/ is defined to be a certain self-adjoint operator / on H. Continuity and 
additivity properties of the map f i-^ f are discussed. It is shown that if 
/ is nonnegative, then / is a positive operator. A quantum integral is de- 
fined by J fdup = tr(p/). A tail-sum formula is proved for the quantum 
integral. The paper closes with an example that illustrates some of the 
theory. 

Keywords: quantum measures, quantum integrals, decoherence functionals. 



1 Introduction 

Quantum measure theory was introduced by R. Sorkin in his studies of the 
histories approach to quantum gravity and cosmology [TTl [T^]. Since 1994 a 
considerable amount of literature has been devoted to this subject [U [31 [SJ IHl 
[TUl IT31 [T5] and more recently a quantum integral has been introduced [HI [7] . At 
first sight this theory appears to be quite specialized and its applicability has 
been restricted to the investigation of quantum histories and the related coevent 
interpretation of quantum mechanics [H [71 [HI [H]. However, this article intends 
to demonstrate that quantum measure theory may have wider application and 
that its mathematical structure is already present in the standard quantum 
formahsm. One of our aims is to show that quantum measures are abundant in 
any I/2-Hilbert space H. In particular, for any state (density operator) p on H 
there is a naturally associated quantum measure /ip. For an event A we interpret 
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/Up(A) as the quantum propensity that A occurs. Moreover corresponding to 
p there is a natural quantum integral / /d/ip that can be interpreted as the 
quantum expectation of the random variable /. 

The article begins by defining a decoherence operator D{A, B) for events 
A, B and the associated q-measure operator ^{A) = D{A, A) on H . It is shown 
that these operator-valued functions have certain positivity, additivity and con- 
tinuity properties. Of particular importance is the fact that although ^ip{A) is 
not additive, it does satisfy a more general grade-2 additivity condition. If p 
is a state on then Dp{A,B) = iT:[pD{A,B)] and p.p(A) = Dp{A,A) have 
the usual properties of a decoherence functional and g-measure, respectively. 
The quantization of a random variable / is defined to be a certain self-adjoint 
operator / on H. Continuity and additivity properties of the map f ^ f are 
discussed. It is shown that if / is nonnegative, then / is a positive operator. A 
quantum integral is defined by / fdpLp = tr(p/). A tail-sum formula is proved 
for the quantum integral. It follows that J fdp,p coincides with the quantum 
integral considered in previous works. The paper closes with an example that 
illustrates some of the theory. The example shows that the usual decoherence 
functionals and g-measures considered before reduce to the form given in Sec- 
tion 2. 



2 Quantum Measures 

A probability space is a triple (51, A, v) where J7 is a sample space whose elements 
are sample points or outcomes^ A is a, a-algebra of subsets of f2 called events 
and i/ is a measure on A satisfying i/(f2) = 1. For A £ A, i^{A) is interpreted as 
the probability that event A occurs. Let H be the Hilbert space 

H = L2{^,A,v) = |/: n-^C,J |/|^dz/<oo| 

with inner product (/, g) = J fgdv. We call real- valued functions f £ H random 
variables. If / is a random variable, then by Schwarz's inequality 

< / l/M'^< 11/11 (2.1) 



fdiy 

so the expectation E{f) = J fdv exists and is finite. Of course (|2.ip holds for 
any / G iJ. 

The characteristic function xa of A e ^ is a random variable with \\xa\\ = 
v{A)^/'^ and we write xo. = 1- Foi" A^B £ A we define the decoherence operator 
D{A, B) as the operator on H defined by D{A, B) = \xa){xb\- Thus, for / e if 
we have 

D{A,B)J ^{XB,f)XA= I fdvxA 

Jb 

Of course, if i^{A)i^{B) = 0, then D{A, B) = 0. 
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Lemma 2.1. Ifv{A)v{B) ^ 0, then D{A, B) is a rank 1 operator with \\D{A, B)\\ = 

Z/(A)l/2j.(B)l/2. 

Proof. It is clear that D{A,B) is a rank 1 operator with range span(xA)- For 
f £ H we have 

\\DiA,B)f\\^\\{XBj)XA\\^\{XB,f)\ WxaW 

<\\xa\\ WxbW \\f\\ = HA)'^'HBr/'\\f\\ 

Hence, \\D{A,B)\\ < v{A)^/^v{B)'^/'^ . Letting g be the unit vector xs/||xb|| 
we have 

\\D{A,B)g\\ = \{XB,9)\ \\xa\\ - \\xb\\ HxaH - K^)^/'Ki?)'/' 
The result now follows. □ 
For A £ A we define the q-measure operator ii{A) on H by 
^iiA)=DiA,A) = \xA){XA\ 

Hence, 

fJ-i^)! ^ {XaJ)xa^ / fdi^XA 



If I'iA) 7^ 0, then by Lemma 12. 1[ is a positive (and hence self-adjoint) 

rank 1 operator with = h'{A). 

We now show that A i— ;> is a vector-valued measure on Indeed, if 
A n i? = 0, then XAuB = XA + Xb so A i— > XA is additive. Moreover, if 
^1 ^ ^2 ^ • • • is an increasing sequence of events, then letting A — [jAi we 
have 

WXA ~ XA„ f = ||XA.A„ f = \ A„) = - Z.(A„) ^ 

Hence, lim Xyi„ ~ XuAi ■ The countable additivity condition 

XUB, = X! 

follows for mutually disjoint Bi Cz A where the convergence of the sum is in 
the vector norm topology. Since xa is orthogonal to xs whenever ACi B = 0, 
we call A i— xa an orthogonally scattered vector-valued measure. A similar 
computation shows that if Ai D A2 3 • • • is a decreasing sequence on A, then 

limXA„ = XnA, 

This also follows from the fact that the complements A'^ form an increasing 
sequence so by additivity 

limXA„ = 1 - limXA;, = 1 - XuA'. = 1 - [X(nA,)'] 
= XnA, 

The map D from A x A into the set of bounded operators B{H) on H has 
some obvious properties: 
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(1) IiAnB = 0, then D{A UB,C)= D{A, C) + D{B, C) for all C e A 
(additivity) 

(2) D{A,B)* =D{B,A) (conjugate symmetry) 

(3) D{A,Bf ^v{Ar\B)D{A,B) 

(4) D{A,B)D{A,By =v{B)ii{A), D{A, B)* D{A, B) ^ iy{A)n{B) 

Less obvious properties are given in the fohowing theorem. 

Theorem 2.2. (a) D:AxA^ ^{H) is positive semidefinite in the sense that 
if Ai G A, Ci C, i = I, . . . ,n, then 

n 

J2 D{A,Aj)c,Cj 

is a positive operator, (b) If Ai C A2 ^ ■ ■ ■ is an increasing sequence in A, 
then the continuity condition 

lim D{A„B) = D{UAi,B) 

holds for every B G A where the limit is in the operator norm topology. 

Proof (a) For Ai G A, Ci £ C, i — 1, . . . ,n, we have 



D{A,,Aj)CiCj = \XA,){XA,\C^CJ 



E 



CtXAi 



(2.2) 



Since the right side of (|2.2I) is a positive operator, the resuh follows, 
(b) For the increasing sequence Ai, let A = IJ Ai and let f E H. Then 



mA,B)-DiA,B)]f\\ 



fdv{xA ~ XA, 



fdi^ 



WXA - XA,\\ 



fdv 



HA)-i.(A,)f' 



< / |/|dz.MA)-K^O]'/' 



Hence 



<HA)-,.{A,)f'\\f\\ 



hm \\D{A, B) - D{A,,B)\\ < lim [i,{A) - iy{A,)f^ = 



□ 



If Ai are mutually disjoint events, the countable additivity condition 

/ 00 \ 00 
D[[jA,,B] =^i?(A„B) 



follows from Theorem I2.2f b). We conclude that A n- D{A,B) is an operator- 
valued measure. By conjugate symmetry, B i->- D{A, B) is also an operator- 
valued measure. As before, it follows that if Ai D 3 • • • is a decreasing 
sequence in A, then 

\\xivD{A,,B) = D{r\A,,B) 

for all B e A. 

The map fi: A^ ^{H) need not be additive. For example, if A, B e A are 
disjoint, then 

fi{AUB) = \xaub){xaub\ = \XA +Xb){xa + Xb\ 

= \xa){xa\ + \xb){xb\ + \xa){xb\ + \xb){xa\ 
^ fj,{A) + fi{B) + 2Re D{A, B) 

Notice that additivity is spoiled by the presence of the self-adjoint operator 
2YieD{A,B). For this reason, we view this operator as measuring the interfer- 
ence between the events A and B. Because of this nonadditivity, we have that 
^Ji{A') ^ A*(ri) — n{A) in general and A C B need not imply fi{A) ^ fJ-{B) in 
the usual order of self-adjoint operators. However, A H> fJ.{A) does satisfy the 
condition given in (a) of the next theorem. 

Theorem 2.3. (a) fi satisfies grade-2 additivity: 

fj.{AuBUC)^ H{A UB)+ fi{A U C) + fi{B U C) - ^i{A) - fi{B) - fj.{C) 

whenever A,B,C £ A are mutually disjoint, (b) /i satisfies the continuity con- 
ditions 

luaniAi) = /i(UA,) 
lim/^(B,) = ^l{f^Ai) 

in the operator norm topology for any increasing sequence At in A or decreasing 
sequence Bi ^ A. 

Proof, (a) For A, B,C & A mutually disjoint, we have 

H{A UB)+ ti{A U C) + ti{B U C) - ^i{A) - fi{B) - fj.{C) 

= \XA + Xb) {xa + Xb \ + \XA + Xc) {XA + Xc\ + \xb +Xc){xb + Xc\ 

- \xa){xa\ - \xb){xb\ - \xc){xc\ 
= \xa){xa\ + \xb){xb\ + \xc){xc\ + \xa){xb\ + \xb){xa\ 

+ \xa){xc\ + \xc){xa\ + |xs)(xc| + \xc){xc\ 
= \XA + XB+ Xc){XA +XB+ Xc\ ^ti{AUBUC) 

(b) For an increasing sequence Ai e A, let A — DAi. For / £ L2{^,A,i') we 
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have 

\MA,)-„{A)]f\\ 



< 



JAi J A 

/ fdi^XAi - / fdi^XA 

JAi JAi 



/ fdvxA- / fdvxA 

JAi J A 



Ai 



fdv{xA, - Xa) 



fix. 



L 



fdv 



WXA - XAi\ 



XA)dvxA 
j I{XA-XAi)dv 



XA\\ 



< 



I/I dv HA) - v{A,)f^ + 11/11 WxA - XAi II ^{A) 



1/2 



< 2i/(A)V2 HA) - u{Ai)] 



1/2 



Hence, 



MA,) - < 2v{A)"^ HA) - v{A,)]^'^ ^ 

A similar proof holds for a decreasing sequence Bi & A 
Additional properties of are given in the next lemma. 



□ 



Lemma 2.4. (a) IfAnB = 0, then ij,{A)ij,{B) = 0. (b) fi{A) ^ if and only 
if iy{A) =0. (c) // A n B = and ii{A) = 0, then ii{A U B) = ii{B). (d) // 

fji{A (JB) = 0; then ^{A) ^{B) = 0. 

Proof. That (a) holds is clear, (b) If IJ.{A) = 0, then for any f £ H we have 

fduxA = li{A)f = 



Letting / = 1 gives u{A)xa = a.e. H- Hence, viA) = 0. The converse clearly 
holds, (c) If A n S = and ii{A) = 0, then by (b) we have that v{A) = 0. 
Hence, for / e -ff we have 

|xa)(xb|/= / fduxA = 

JB 

We conclude that 

fx{A UB)= 2Re |xa)(xb| + |xs)(Xs| = ^B) 

(d) If iJ.{Ar\B) = 0, then by (b) we have that viACiB) = 0. Since u is additive, 
u{A) = v{B) = so by (b), ijl{A) = n{B) = 0. □ 

If yo is a density operator (state) on H, we define the decoherence functional 
Dp-. Ax A ^Chy 



Dp{A,B)=tT[pD{A,B)] = {pxa,Xb) 
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Decoherence functionals have been extensively studied in the hterature [3 121 HI 
[121 [13] where Dp{A,B) is used to describe the interference between A and B 
for the state p. Concrete examples of Dp{A,B) are given in Section 3. Notice 
that 

\Dp{AB)\ < \\p\\ WxaW WxbW < v{AY'^v{BY'^ (2.3) 

The next result, which follows from Theorem 12. 2[ shows that Dp{A, B) has the 
usual properties of a decoherence functional. 

Corollary 2.5. (a) A i— > Dp{A, B) is a complex measure on A for any B G A. 
(b) IfAi,...,An E A, then the nxn matrix Dp{Ai, A j) is positive semidefinite. 

For a density operator p on H , we define the q-measure fip: A ^ by 

Pp{A) = tr [pp{A)] = {pxa,Xa) 

We interpret fip{A) as the quantum propensity that the event A occurs [51 [TTl 
[H]. It follows from ([0| that Pp{A) < v{A). Theorem!^ holds with p replaced 
by Pp. This shows that pp has the usual properties of a g-measure. 



3 Quantum Integrals 



Let f G H he a, nonnegative random variable. The quantization of / is the 
operator f on H defined by 



We can write (13.11) as 



Since 



.[f{x)J{y)]g{x)d,y{x) 



l{x: l(x)<f(y)} J{x-- f(x)>f(y)] 



(3.1) 



{f9){y) < j n^in[f{x)J{y)]\g{x)\dv(x)< I f\g\diy 



we have 



fg 



< 



/II llgll. We conclude that / is bounded with 



< 



Since / is bounded and symmetric, it follows that / is a sclf-adjoint operator. 
If / is an arbitrary random variable we can write / = — /~ where f~^{x) = 
max[/(a:),0] and f~[x) = — min [/(a;), 0]. Then we have that f'^,f~ > and 
we define the quantization f — f^^ — /~^. Again, / is a bounded self-adjoint 
operator on H. According to the usual formalism, we can interpret / as an 
observable for a quantum system. 
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Theorem 3.1. (a) For any A E A, XA = Ixa)(xa| = (b) For any 

a e M, (ctf)^ = cef- (c) // < /i < /2 < • • • is an increasing sequence of 
random variables converging pointwise to a random variable f, then fi converges 
to f in the operator norm topology, (d) If f,g,h are random variables with 
mutually disjoint support, then 

{f + g + hr = {f + gr + (/ + hr + {g + hr-f-g-h (3.2) 

Proof, (a) For A& Awe have that mm[x A{x),XA{y)] = XA{x)xA{y)- Hence, 
fov g £ H we obtain 

{XAg){y) = j XA{x)xA{y)g{x)du{x) = j^gdvxA{y) = [^J-{A)g] {y) 

(b) If a > and / > 0, then clearly (af)^ = af. If a > and / is a random 
variable, then 

af = - (af)- = af+ - af- 

Hence 

{afr = {af+r - i^f-r = ^/^^ - «/-^ = 

If a < and / is a random variable, then 

af = {af)+-{af)- = \a\f--\a\f+ 

Hence, 

{afr = /-)^ - (|a| /+)^ = |a| /"^ - \a\ /+^ = - |a| / = af 

(c) For any g € H we have 



(/ - f^)g{y) 



{min [fix)J{y)] - min [fi{x), fi{y)]} g{x)diy{x) 

< J |min [fix), f{y)] - min [fi{x), fi{y)]\ \g{x)\du{x) 

< J [\fiy) - f^iy)\ + \fix) - fiix)\] \gix)\ dv{x) 

<[f{y)-f^{v)]\\g\\ + \\f-fi\\ M 



Squaring, we obtain 



(/ - iMv) < {[f{y) - fi{y)] + 11/ - fiWf \\g\t 



= {[f{y)-fr{y)f + \\f-f^\\^ + ^f{y)-f^{y)]\\f-f^\\) hf 



Hence, 



f-fi)g <4||/-/,ini5ll 
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We conclude that 



/-/. 



< 2 11/ - /. 



By the monotone convergence theorem, hm ||/ — fi\\ — and the resuh foUows. 
(d) If /> is a simple function / = Yl^=i '^iXAi , cti > 0, then 

n 

min[/(2:),/(?/)] = ^ min(a.,, aj)xA. (a;)xA, (y) 
Hence, for any u £ H we have 

/n 
min(ai, "jOxA. ix)xA, {y)u{x)dv(x) 

= ^ min(aj,aj) udvxAjiv) (3.3) 



Suppose g > and /i > are simple functions with g — ^ PiXBi and h = 
^liXCi, OLi,pi,^i > 0. Assuming that f,g,h have disjoint support, it follows 
that yjAi, UBi, UCi are mutually disjoint. Employing the notation 



/(a, 6) = ^min(ai,6j) J uduxAj 



As in (13.31) we obtain 



(/ + + (/ + h)^u + (.g + hfu - fu -gu-hu 

= /(a, a) + HP, fi) + /(7, 7) + P) + «) + /(a, 7) 

+ /(7, «)+/(/?, 7) + ^(7, /3) 
= (/ + .9 + /»)^" 

We conclude that p.2p holds for simple nonnegative random variables with dis- 
joint support. Now suppose /, g, h are arbitrary nonnegative random variables 
with disjoint support. Then there exist increasing sequences fi,gi, hi of nonneg- 
ative simple random variables converging pointwise to /, g and ft,, respectively. 
Since (|3.2p holds for fi,gi,hi, applying (c) shows that p.2p holds for f,g, h. Fi- 
nally, let /, g, h be arbitrary random variables with disjoint support. It is easy to 
check that {f + g)+ = f++g+, (f + g)- = f-+g-, {f + g + h)+ = f++g+ + h+, 
etc. Then (13.21) becomes 



(/+ +,g+ + ft+)^ -(/-+, g-+ft-)^ 

= (./+ + g^r - {.r + g-r + (./+ + h+r - i.r + h-r + (5+ + h+r 

- {g- + h-r - /+^ + - 5+^ + - + h-^ 

But this follows from our previous work because /+, g^ , h'^ and g^, h" are 
nonnegative and have disjoint support so p.2p holds for ^g^ , ft^ and also for 

f-,g--h-. □ 
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The next result shows that f ^ f preserves positivity. 
Theorem 3.2. If f > is a random variable, then f is a positive operator. 
Proof. Suppose / > is a simple function with / = X]r=i '^^tXAi where < 
ai < a2 < ■ ■ • < a,!, nAj = 0, i ^ j and UA, 
then by (|3.3p we have 



n. Hue H 'AudBj = U A„ 

i=3 



fu,u) ^ 



n „ 

.,.7=1 ■'^^ 



udv I udh 



ai 



2a2Re 



dv I udv 



idv 



At 



udv 



udv + 2a3Re 



B2 



udv 



udv 



2a„ 



idv 



idv 



ai 







2 




2 








2 




2' 




1 udv 




/ udv 




+ a2 




1 udv 




/ udv 






JBi 




JB2 








Jb2 




Jb3 





udv 



B-a 



udv 



Bi 



+ {a-i - OL\) 



udv 



udv 



> 



+ (q!3 - a2 ) 



udv 



S3 



(3.4) 



Hence, / is a positive operator. If /> is an arbitrary random variable, 
then there exists an increasing sequence of simple functions fi>0 converging 
pointwise to /. Since ft are positive, it follows from Theorem 13.1( 0) that / is 
positive. □ 

A random variable / satisfying < / < 1 is called a fuzzy (or unsharp) 
event while functions xa, A G A, are called sharp events [2]. If v(A) ^ 0, 
denote the projection onto span(xyi) by P{A). Theorem 13.1( a) shows that 
XA = '^{A)P{A). Thus, quantization takes sharp events to constants times 
projections. An operator T on H satisfying < T < / is called an effect [2]. 

Since / < ||/||, it follows from Theorem 13.21 that quantization takes fuzzy 
events into effects. 

Let p be a density operator on H and let HpiA) = ti [piJ.{A)] be the cor- 
responding g-measure. If / is a random variable, we define the q-integral (or 
q- expectation) of / with respect to jip as 



fd^ip = iv{pf) 
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As usual, for A G ^ we define 



The next result follows from Theorems 13.11 and 13.21 

Corollary 3.3. (a) For all A £ A, we have J XAd^p = fJ-p{A). (b) For all 
a gM, we have J afd^p — aj fdfip. (c) If fi > 0, is an increasing sequence of 
random variables converging to a random variable f , then lim J fidfip = J fd^p. 
(d) /// > 0, then J fdfip > 0. (e) If f,g,h are random variables with disjoint 
support, then 



if + g + h)dfip = / (/ + g)dnp + / (/ + h)dfip + {g + h)d^ip 



hd^p 



fdUp - / gdfi_ 



(f) If A,B,C (z A are mutually disjoint, then 



fdv 



fdfJ-p 



AUB 



AUC 



fd^ip 



BUG 



fd^J-p 



- / fdfip - / fdfip - / fdfj,^ 



The following result is called the tail-sum formula 
Theorem 3.4. If f > is a random variable, then 



fdfip 



fip {x: f{x) > A} dX 



where dX denotes Lebesgue measure on R. 

Proof. Let / > be a simple function with / = '^ohxAh < ai < a2 < 
• • • < an- Let u E H with ||u|| — 1 and let p be the density operator given by 
p ~ \u)(u\. Of course, p is a pure state. Then 

2 



Pp{A) = \{u,xa)\ = 

Using the notation of Theorem 13. 2[ we have 

IJ.p{x: f{x) > X} ^ 
Hp{x: f{x) > X} = Hp(Bi) 
fj.p{x: fix) > A} = 

Moreover, we have 



idv 



for < A < cki+i 
for < A < ai 
for an < X 







1 




l^p{Bi+i) - 






n ^ 

/ udi' 
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We conclude that 

> 

fj.p{x: f{x) > X}dX 

/ip {x : f{x) > X} dX + IJ.p{x: f{x) > X} dX 

J cti 

+ •••+/ Hp{x: f{x) > X}dX 



ai^p(Bi) + (a2 - ai)np{B2) + (03 - a2)np{B3) 
H h (a„ - a„_i)/ip(B„) 



udv 



+ (a2 - ai) 



idv 



H h (a„ - a„_i) 

Comparing p.4p and p.Sp gives 



/d^p = (fu,u 



udv 



lip{x: f{x) > X}dX 



(3.5) 



Applying Tlieoreni l2.3f b') and Corollarv l3.3f c) we conclude that the result holds 
because a mixed state is a convex combination of pure states. □ 

Applying Theorem 13.41 we have for an arbitrary random variable / that 



^p {a; : f{x) > X} dX - Hp{x: f{x) < -A} dX 



fdfip 



This result shows that the present definition of a q-integral reduces to the defi- 
nition studied previously [7] ■ 



4 Finite Unitary Systems 

This section discusses a physical example that illustrates the theory of Section 2. 
A finite unitary system is a collection of unitary operators U{s,r), r < s G N, 
on C™ such that C/(r, r) = I and U{t, r) = U{t, s)U{s, r) for all r < s < t e N. 
These operators describe the evolution of a finite-dimensional quantum system 
in discrete steps from time r to time s. If {U{s,r): r < s} is a finite unitary 
system, then we have the unitary operators U{n + n £ N, such that 

[/(s, r) = C/(s, s - l)U{s - 1, s - 2) • • • [/(r -I- 1, r) (4.1) 

Conversely, if U{n + 1,?t.), n G N, are unitary operators on C™, then defining 
U [r, r) ~ I and for r < s defining U (s, r) by (|4.ip we have the finite unitary 
system {[/(s,r): r < s}. 
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In the sequel, {C/(.s, r): r < s} will be a fixed finite unitary system on C™. 
Suppose the evolution of a particle is governed by U{s,r) and the particle's 
position is at one of the points 0,1, ... ,m — 1. We call the elements of 5 = 
{0, 1, . . . , m — 1} sites and the infinite strings 7 = 717172 ■ • ■ , 7i £ S' arc called 
paths. The paths represent particle trajectories and the path or sample space is 

^ = {7 • 7 a path} 

The finite strings 7 = 7071 ■ • ■ 7n are n-paths and 

f2„ = {7: 7 an n-path} 

is the n-path or n-sample space. The n-paths represent time-n truncated particle 
trajectories. Notice that the cardinality |fi„| = m"+^. The power set An = 2^" 
is the set of n- events. Letting Vn be the uniform distribution f„(7) = l/m"'+^, 
7 S f2„, (r2„,^„,f„) becomes a probability space. 

We call C™ the position Hilbert space Let cq, . . . , Cm-i be the standard basis 
for C" and let P{i) = \ei) (e^j, i = 0, 1, . . . , m— 1 be the corresponding projection 
operators. For 7 G the operator C„(7) on C"* that describes this trajectory 
is 

Cnh) = P{ln)U{n, n - l)P(7„-i)f/(n - 1, n - 2) • • ■ P{ii)U{l, 0)P(7o) 

Letting 

Kl) = (e7„ , U{n, n - l)e^„_,> • • • (e^, , U{2, l)e^J (e^, , C/(l, 0)e^,) (4.2) 
we have that 

Cn{l)^b{j)\e^J{e^,\ (4.3) 

If V € C" is a unit vector, the complex number 0^(7) = &(7)V'(7o) is the 
amplitude of 7 with initial distribution (state) ijj- It is easy to show that 

Moreover, for all 7, 7' € il„ we have 

The operator C„(7')*C„(7) describes the interference between the paths 7 and 
7'. 

For A e An, the c/ass operator Cn{A) is defined by 

C„(yl) = ^C„(7) 

It is clear that A n- C„(j4) is an operator- valued measure on the algebra An 
satisfying C„(0„) = U{n,0). The decoherence functional A„: ^„ x An — >■ C 
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is given by A„(A,B) = (C*(A)C„(B)'!/', f/') where V G is the initial state. 
It is clear that A i— )■ An{A,B) is a complex measure on An for any B € An, 
A„(r2„, f2„) — 1 and it is well-known that ii Ai, . . . ,Ar £ A, then An{Ai,Aj) is 
an r X r positive semidefinite matrix [3J [TTJ US] • Corresponding to an initial 
state -0 € C™, IIV'II = 1, the n-decoherence matrix is 

A„(7,7')=A„ ({7}, {7'}) 

Applying (|4.5p we have 

A„(7,7') = (C„(7')*C„(7)V',V') = 6(70K7)#7^V'(7o)'57..7; 

= a^(7')a^(7)'57„,7; (4-6) 

Define the n-path Hilbert space Hn — (0™)®*^"+^'. For 7 e 57„ we associate 
the unit vector in iJ„ given by 

® ^ • • • "X) 

We can think of iJ„ as {(/>: r2„ -> C} with the usual inner product and A„(7, 7') 
corresponds to the operator 

(A„</>)(7)=^A„(7,7'M7') 
7' 

Since A„(7,7') is a positive semidefinite matrix, A„ is a positive operator on 
Hn and by (|4.4p and (|4.6p we have 

tr(A„) = ^ A„(7,7) = = 1 

7 7 

We conclude that A„ is a state on _ff„. 

Lemma 4.1. The decoherence functional satisfies 

An{A,B)^tT{\xA){XB\An) 

for all A,BeA. 

Proof. By the definition of the trace we have 

tr (|xa)(xb|A„) = ^ (|xa)(xb|A„7,7) 
7 

= (A„7,xs)(xA,7) = Y (An7,XB) 
7 7eA 

= ^{(A„7,7'):7eA,7'eB} 

= ^{A„(7,7'):7e A7'ei3} 

= A„(A,B) □ 
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Lemma 14.11 shows that the decoherence functional as it is usually defined 
coincides with the decoherence functional of Section 2. Moreover, the usual 
g- measure /xa„(^) = A„(A, A) coincides with the measure of Section 2. We 
have only discussed the time-n truncated path space ri„. The infinite time 
path space is of primary interest, but its study is blocked by mathematical 
difficulties. It is hoped that the present structure will help to make progress in 
overcoming these difficulties. 
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